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Abstract 

We construct spectral triples associated to Schottky-Mumford curves, in such a 
way that the local Euler factor can be recovered from the zeta functions of such 
spectral triples. We propose a way of extending this construction to the case 
where the curve is not /c-split degenerate. 

1 Introduction 

Let X be a curve over a finite extension K of Q p , which is fc-split degenerate, for k 
the residue field. It is well known that such curve admits a p-adic uniformization by a 
p-adic Schottky group T acting on the Bruhat-Tits tree A^. We associate C*-algebras 
to certain subgraphs A of the Bruhat-Tits tree and construct corresponding dynamical 
cohomologies 7i^ yn (A/T) that resemble the construction at arithmetic infinity given in 
[0]. We introduce a Dirac operator D, which depends on the graded structure of the 
dynamical cohomology, in such a way that the data 

(c*(A/r), nl^A/r) © ?4 n (A/r), d) 

give a spectral triple in the sense of Connes. 

We recover, from a certain family of zeta functions associated to the spectral triple, 
the local Euler factor L p {H 1 {X),s) of the curve X, in the form of a regularized de- 
terminant as computed by Deninger. The advantage of this construction is that it 
provides, in the case we are considering, a natural geometric interpretation, in terms 
of dynamics of walks on the graph A/T, of the infinite dimensional cohomology theory 
introduced by Deninger. 

We propose a way of extending the construction to the case where the curve is not 
fc-split degenerate, by enlarging the dual graph of the special fiber by new edges, in 
such a way that we also obtain embeddings in the dynamical cohomology of the first 
cohomology group of the components of the special fiber. 



2 Directed graphs 

We begin by recalling some generalities about graphs that we will use throughout the 
paper. 
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A directed graph E consists of data E = (E°, E 1 , E^_, r, s, t), where E° is the set of 
vertices, E 1 is the set of oriented edges w = {e, e}, where e is an edge of the graph 
and e = ±1 is a choice of orientation. The set E\ consists of a choice of orientation 
for each edge, namely one element in each pair {e, ±1}. The maps r, s : E 1 — > E° are 
the range and source maps, and i is the involution on E 1 defined by i(w) = {e, — e}. 

A morphism / of directed graphs E and E consists of maps f° : E° — > E° and 
f 1 : E 1 — > E 1 which satisfy f l o r = f o f\ f 1 o s = s o f\ and f 1 o t — I o f l , for % — 0, 1. 
The morphism / is a monomorphism if the / l are invertible, for % — 0, 1. This defines 
the automorphism group of a directed graph, which we denote Aut(E). A morphism 
/ of directed graphs is a covering map if the /' are onto, for i — 0, 1, and J 1 gives a 
bijection J 1 : s _1 (i>) A s -1 (/(i>)) and the same with respect to the range map. 

A directed graph is finite if E° and E 1 are finite sets. It is row finite if at each 
vertex v G E° there are at most finitely many edges w in E\ such that s(w) = v. The 
graph is locally finite if each vertex emits and receives at most finitely many oriented 
edges in E 1 . A vertex v in a directed graph is a sink if there is no edge in E^_ with 
source v. We denote by cr(E) the subset of E° given by the sinks. 

A juxtaposition of oriented edges Wiw 2 is said to be admissible if w 2 ^ i(wi) and 
r(wi) = s(w 2 )- A (finite, infinite, doubly infinite) walk in a directed graph E is 
an admissible (finite, infinite, doubly infinite) sequence of elements in E 1 . A (finite, 
infinite, doubly infinite) path in E is a walk where all edges in the sequence are in E+. 
We denote by W n (E) the set of walks of length n, by W*(E) = U n W n (E), by W + (E) 
the set of infinite walks, and by W(E) the set of doubly infinite walks. Similarly, we 
introduce the analogous notation V n (E), V*(E), and V + (E) for paths. We shall drop 
the explicit mention of the graph E in the notation for walks and paths, when no 
confusion arises. We denote by a*(E) C V*(E) the set of paths that end at a sink. A 
directed graph is a directed tree if, for any two vertices, there exists a unique walk in 
W*(E) connecting them. 

The universal cover A of a connected directed graph E, endowed with a choice of 
a base point vq G E°, is a directed tree obtained by setting A = W*(t>o), the set of all 
walks in E that start at v , A 1 = {(ou,w) G W*(v ) x E l : r{uj) = s(w)}, r(u,w) = w, 
s(u>,w) = ujw, l(cu,w) = (low, i(w)). The fundamental group of E, with respect to the 
choice of base point v , is given by T = {7 G W*(v ) : r(^) — v }. 

Let G be a subgroup of Aut(E). We can then form the quotient E/G, which is also 
a directed graph. In particular, if A is the universal cover of a directed graph E and 
T is the fundamental group, with respect to the choice of a base point vq G E°, then 
we have an isomorphism of directed graphs E ~ A/T. The map A — > E is a covering 
map. 

Two paths 00, Co in V + are shift-tail equivalent, if there exists aAf> 1 and a k G Z 
such that tUi = Cji_ k for all % > N. The boundary of a directed tree A is given by 
<9A = (V + U <7*)/ ~, where the shift-tail equivalence is extended to the set of paths 
ending at a sink by the condition 00 ~ a), for a;, G cr*, if and only if r(u) = r(Co). This 
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definition extends to a functorial notion of boundary of directed graphs, as shown in 

EH- 

3 Schottky-Mumford curves 

Throughout this chapter we will denote by p a fixed prime number and by Q p the field of 
p-adic numbers. The field K will be a given finite extension of Q p , with O C K its ring 
of integers, m C O the maximal ideal and 7r G m a uniformizer {i.e. m = (vr)). Finally, 
we will denote by k the residue field k = O/m. This is a finite field of cardinality 
q = card(0/m). 

Let V be a two-dimensional vector space over K. We write F l (K) for the set of 
X-rational points of P^-, the projective line over K. The space W l (K) is identified with 
the set of i^-lines passing through the origin in V. Let G = PGL(2,if) be the group 
of automorphisms of P 1 (if). 

In this first chapter we collect some well known facts and properties on the tree of 
the group PGL(2, K) and on the action of a Schottky group on such tree. Detailed 
explanations for the statements we will recall here without proofs are contained in ^3] 
and [IE!. 

3.1 The tree of the group PGL(2,K) 

The description of the vertices of the tree associated to PGL(2, K) is as follows. One 
considers the set of free O-modules of rank 2: M C V . Two such modules are equivalent 
M\ ~ M 2 if there exists an element A G K*, such that Mi = AM2. The group 
GL(V) of linear automorphisms of V operates on the set of such modules on the left: 
gM = {gm \ m G M}, g G GL(V). Notice that the relation Mi ~ M 2 is equivalent 
to the condition that Mi and M 2 belong to the same orbit of the center K* C GL(V). 
Hence, the group G = GL(V) /K* operates (on the left) on the set of classes of equivalent 
modules. 

We denote by the set of such classes and by {M} the class of the module M. 
Because O is a principal ideals domain and every module M has two generators, it 
follows that 

{Mi}, {M 2 } G A° K , Mi D M 2 MJM 2 ~ O/m 1 © 0/m k } l,keK 

The multiplication of Mi and M 2 by elements of K preserves the inclusion Mi D M 2 , 
hence the natural number 

d({M 1 },{M 2 }) = \l-k\ (3.1) 

is well defined. 

Definition 3.1 The graph A# of the group PGL(2,f^) is the infinite graph with set 
of vertices A° K , in which two vertices {Mi}, {M 2 } are adjacent and hence connected by 
an edge if and only if d({M\}, {M 2 }) = 1. 
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The following properties characterize completely Ak and are well known (cf. e.g. 
dU and [IE]). 

Proposition 3.2 1. The graph Ak a connected, locally finite tree with q+1 edges 
departing from each of its vertices. 

2. The shortest walk in Ak connecting two vertices {Mi}, {M 2 } of A° K without 
back-tracking has length d({Mi}, {M 2 }). 

3. The group G acts (on the left) transitively on A° K and it preserves the metric d. 

The tree Ak is called the Bruhat-Tits tree associated to the group G = PGL(2, K). 

A half-line in Ax is an infinite sequence ({M n }) nG N of vertices of Ak without 
repetitions such that {M n } is adjacent to {M n _{\ for all n. Thus, a half-line is given 
by a sequence M D Mi D ... of free O- modules where M Q /M n ~ Oj (7r n ) for all n. 

The subspace i^(fl ng NM n ) C V defines a point of P 1 (ii'). Conversely, given a point 
of P 1 (_ft') represented by a vector v\ G V, choose a second vector t> 2 G such that 
{^1,^2} form a basis of V. Let M n be the free C-module with basis {t>i, 7r""y 2 }. Then, 
K(r\ n( zf>}M n ) defines the point of P 1 (i^) we started with. 

Two half-lines are said to be equivalent if they differ only by a finite number of 
vertices. An equivalence class of halflines is called an end of A^- The set of ends of 
Ak will be denoted by OAk (the "boundary" of A^). We shall give Ak the structure 
of a directed graph, in such a way that this notion of boundary agrees with the one 
described in the previous section. 

It is immediate to verify that the construction described above defines a one-to- 
one correspondence 8Ak ^(K) between equivalence classes of half-lines and 
elements of P 1 (i^). 

3.2 The action of a Schottky group on the tree 

A Schottky group T is a subgroup of PGL(2, K) which is finitely generated and whose 
elements 7 7^ 1 are hyperbolic {i.e. the eigenvalues of 7 in K have different valuation). 
The group V is discrete in G = PGL(2, K), torsion free and acts freely on the tree A#- . 
Furthermore, one can show that T acts discretely at some point z e F\K). 

Let Ar C P 1 (K) be the closure of the set of points in P 1 (K ) that are fixed points 
of some 7 G T \ {1}. This is called the limit set of T. We have card(Ap) < 00 if and 
only if T = (7) z , for some 7 G T. We will denote by Qr = ^r{K) the set of points on 
which T acts discretely; equivalently said Qr is the set of points which are not limits 
of fixed points of elements of T: f2p = P 1 ^) \ Ap. This set is called the domain of 
discontinuity for the Schottky group T. 

A path in A^, infinite in both directions and with no back-tracking, is called an 
axis of Ak- Any two points z±, Zi G P 1 (ii') uniquely define their connecting axis whose 
endpoints lie in the classes described by z\ and z 2 in OAk- 
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Any hyperbolic element 7 6 T has two fixed points in P^A). The unique axis of 
Ak whose ends are fixed by 7 is called the axis of 7. The element 7 acts on its axis as 
a translation. 

Suppose two axes are given in Ak- Any path without back-tracking beginning on 
one axis and ending on the other and with no edges in common with either axis is 
said to be the bridge between them. A bridge may consist of a single point, else it is 
uniquely defined (Figure [T]). 

For any Schottky group T C PGL(2, K) there is a smallest subtree A' r C A con- 
taining the axes of all elements of T. Equivalently said, A' r is the maximal connected 
subgraph of Ak containing the axes of all elements of F and the bridges between them. 

The set of ends of A r in P X (A) is Ap, the limit set of T. The group T carries A' r 
into itself so that the quotient A' r /V is a finite graph. 

The graph A' T /Y has an important geometric interpretation as the dual graph of 
the closed fiber of the minimal smooth model over O (fc-split degenerate semi-stable 
curve) of the algebraic curve C holomorphically isomorphic to Ar := fir/T (cf. JB] 
p. 163). 

Furthermore, there is a smallest tree Ar on which T acts, with vertices A r C A° K , 
and such that the finite graph Ar/T is the dual graph of the specialization of C over 
O. The set A r is a subset of the set of vertices of Ap. 

The degenerating curve C describing the analytic uniformization Ar ^ C is a k- 
split degenerate, stable curve. When the genus of the fibers is at least 2 - i.e. when 
the Schottky group has at least g > 2 generators - the curves Ar are called Schottky- 
Mumford curves. 
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Figure 2: The tree Ak for K = Q2 and Ax, for field extensions with / = 2 and cl/k = 2 



3.3 Field extensions: functoriality 

Let L D K be a finite fields extension with ramification index cl/k and rings of integers 
O l and O x . If M C V is a free Ox-module of rank 2, then M ®o K O l d V ® k L 
is a free Ox-module of the same rank. It is obvious that equivalent modules remain 
equivalent, hence one gets a natural embedding of the sets of vertices A° K '—t A° L . 

The isomorphism (Ox/m r ) <8> Ox — Oi,/xn reL / K shows that distance would not, 
in general, be preserved under field extensions. To eliminate this disadvantage, one 
introduces on graphs Ax, for all extensions L D K, a /^-normalized distance 

d K {{M x }, {M 2 }) = —d L {{Mx}, {M 2 }) ; Mi, M 2 c V <g> L. 

This way, the embedding A x > A° becomes isometric. When L D K ramifies, 
ex/x — 1 new vertices appear in A° L between each couple of adjacent vertices in A K 
(cf. the third graph in Figure |2J). Moreover, q* + 1 edges each of which of length , 

for / = j-^[L : X], depart from each vertex in A° L (cf. the second graph in Figure |2J). 

Because PGL(2,K) C PGL(2,L) and the natural embedding ¥ X {K) C ¥ 1 {L) is 
compatible with a concept of indirection of exiting from any vertex of A° K , the con- 
struction is functorial under finite fields extensions and this process determines, for a 
fixed Schottky group T C PGL(2,i^), a projective system {X Lr : [L : K] < 00} of 
Schottky-Mumford curves. 

3.4 Edge orientation 

We now show how to endow the graphs Ar and Ak with the structure of directed 
graph. The choice of a coordinate z G P 1 (-R') determines a base point Vq in Ax- In 
fact, the points {0, 1, 00} on P 1 (iT) determine a unique crossroad: the unique vertex of 
Ak with the property that the walks without back-tracking from vq to the three points 
on ~P l (K) start from vq m three different directions (Figure |3J). 
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Figure 3: The crossroad Vq of the points {0, 1, oo} 



In order to obtain a structure of directed graph on the tree A^, for each z e F l (K) 
we consider the unique infinite chain of edges without backtracking in A^- that has 
initial vertex vq and whose equivalence class modulo shift-tail equivalence is the point 
z. We declare such chain of edges to be a path in V + (Ak)- This determines on Ak 
the structure of a directed graph, with 8Ak = P 1 (i^). This agrees with the boundary 
as defined in £ 13.11 

We assume here that the coordinate z e F l (K) is chosen in such a way that the 
crossroad v Q of {0, 1, oo} is a vertex of A r . Then, by the same procedure, we can regard 
A r directed graph with <9Ar = Ar- 

4 C*-algebras of graphs 

In this section we recall the construction of C*-algebras associated to locally finite 
directed graphs. We follow mostly the references [T], [TU], [H], [2T]. We refer the 
reader to the bibliography of the aforementioned articles for more information. For 
simplicity, we state the following results in the special case of locally finite directed 
graph, though the theory extends to more general directed graphs (cf. e.g. [2T]). 

A Cuntz-Krieger family consists of a collection {P v } v& e° of mutually orthogonal 
projections and {S w } w€E i^ of partial isometries, satisfying the conditions: S^S W = P r ( w ) 
and, for all v G s(El), P v = J2 W : S (w)=v S ™ S w- 

The edge matrix A + of a locally finite (or row finite) directed graph is an (#E+) x 
(possibly infinite) matrix. The entries A + (iUi, Wj) satisfy A + (iUi, Wj) — 1 if WiWj 
is an admissible path, and A + (wi,Wj) = otherwise. The Cuntz-Krieger elements 
{P V ,S W } satisfy the relation S^S W = A(w, w)Su,S^. The directed edge matrix of E 
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is a j^E 1 x (possibly infinite) matrix with entries A(wi, Wj) = 1 if WiWj is an 

admissible walk and A(wi, Wj) = otherwise. 

There is a universal C*-algebra C*(E) generated by a Cuntz-Krieger family. If 
E is a finite graph with no sinks, we have C*(E) ~ Oa + , where Oa + is the Cuntz- 
Krieger algebra of the edge matrix A + . If the directed graph is a tree A, then C*(A) 
is an AF algebra strongly Morita equivalent to the commutative C*-algebra Co(<9A). 
A monomorphism of directed trees induces an injective *-homomorphism of the corre- 
sponding C*-algebras. 

If G C Aut(E) is a group acting freely on the directed graph E, with quotient graph 
E/G, then the crossed product C*-algebra C*(E) x G is strongly Morita equivalent to 
C*{E/G). In particular, if A is the universal covering tree of a directed graph E and 
T is the fundamental group, then the algebra C*(E) is strongly Morita equivalent to 
C (dA) x r. 

There is a gauge action of U (1) on the graph algebra C*(E) given by A : {P v , S w } h- > 
{P V ,XS W }. A subset H of the set of vertices E° of a directed graph is saturated 
hereditary if v G H implies that, for all uo G V*(E) with s(u) = v, also r{u) G H, and 
conversely, if any uj G V*(E) with s(u) = v satisfies r(u) G H, then also v G H . For 
a locally finite graph there is a bijective correspondence between saturated hereditary 
subsets of E° and gauge invariant closed ideals in C*(E). In the case of a tree A, there 
is a bijection between saturated hereditary subsets of A and open sets in dA. This is 
proved for the more general (non necessarily locally finite) case in |21j . 

It is convenient to consider also the Toeplitz extensions (cf. |21j ) 

-> J s -> T0(£, 5) -> c*(,e;) -> 0, 

where S is a subset of E° and J5 = Q) v es c ^v, where JC V is the algebra of compact 
operators on a Hilbert space of dimension flr -1 ^)). The C*-algebra TO(E, S) is 
generated by operators {S^}^^ and {Pu} ve ^o satisfying the conditions: S^S W = P r ( w ) 
and, for all v G s(E+), P v > J2w,s(w)=v S wS^, with equality for v G S. 

li j : E ^ E is an inclusion of directed graphs, the following functoriality property 
holds (cf. |2I]) : given S C E, consider the set S of vertices v in E° such that j{y) G S 
and the outgoing edges in E\ with origin at j(v) are all of the form j(w), for some u; G 

with s(w) = v. Then this induces an injective *-homomorphism J : TO(E, S) — > 
TO{E,S). 

In particular, for a family of subgraphs E of a directed graph E 1 , ordered by inclu- 
sions, with UE° = E° and U-E 1 = E 1 , and for a choice of S G E° and corresponding S 
as above, we have 

TO(E, S) = \imTO(E, S). (4.1) 

E 

4.1 Reduction graphs 

In the theory of Mumford curves, it is important to consider also the reduction modulo 
powers m n of the maximal ideal m C Ok, which provides infinitesimal neighborhoods 



8 



of order n of the closed fiber. In the language of C*-algebras, this corresponds to the 
following construction. 

For each n > 0, we consider a subgraph A K ^ n of the Bruhat-Tits tree A K defined 
by setting 

A°^ n := {v E A° K : d(v , A' r ) < n} , 
with respect to the distance f|3. 1|) . with d(v, A' r ) := inf {d(v, v) : u G (A r ) }, and 

Ax,n : = s(w),r(w) e A° K J. 

Thus, we have Ak,o = A' T . For n > 1 the graph A^,n has a non-empty set of sinks 
ox™ C <9A^ n . We have A# = U n A Kjn . 

For all n G N, the graph A^,n is invariant under the action of the Schottky group V 
on A, and the finite graph A^ n /r gives the dual graph of the reduction X K ®0 /m n+1 . 
Thus, we refer to the A^ n as reduction graphs. They form a directed family with 
inclusions j n ,m : A^ n ■=— > A^ ro , for all m > n, with all the inclusions compatible with 
the action of T. 

For each reduction graph, we can consider corresponding C*-algebras C*(Ai^ n ) and 
C*(A Kjn /r) ~ C*(A^ n ) x T (Morita equivalence). 

The following result, which is a direct application of the statements on graph 
C*-algebras listed in $U describes the relation between the algebras C*(Ak n/T) and 
C*(A K /T). 

Lemma 4.1 We have injective *-homomorphisms J n ,m '■ C*(AK, n ) —* C*(AK, m ) ■ Cor- 
respondingly, if we set S n = A° Kn \o~K,n, we obtain 

C*(A K /T) = \imTO(A K jT,S n /T), 

n 

where TC(A^ in /r, S n /T) satisfies 

-> ® v e„(A K , n /r)JC v -> T0(A^/r, 5 n /r) -> C*(Ajc, ft /r) -> 0. 

5 Dynamics of walks on dual graphs 

In this section we introduce a dynamical system associated to the space W(A/r) of 
walks on the quotient of a directed tree A by a free action of T. In particular, we 
are interested in the cases where A is (a certain extension of) one of the graphs A^ n 
for some n > 0. The same construction applies to the tree Ar, where this dynamical 
system is a subshift of finite type associated to the action of the Schottky group T on 
its limit set Ar, analogous to the one considered in j^J. 

Let V C A be a finite subtree whose set of edges consists of one representative 
for each T-class. This is a fundamental domain for F in the weak sense (following 
the notation of |14j). since some vertices may be identified under the action of T. 



9 



Correspondingly, we denote by V the set of ends of all infinite paths in A starting at 
points in V. 

We assume that, for the T-invariant directed tree A, the set V has finitely many 
edges. This is the case for Ar as well as for any of the trees A^„. 

Since, for n > 1, the graphs Ax, n have sinks, in order to consider the space of 
doubly infinite walks on these graphs, we need to complete each walk ending at a sink 
to an infinite walk obtained by repeating the last word. This is equivalent to extending 
the graph A^ n by adding an infinite tail to each sink. Appending tails to sinks is 
standard technique in the theory of graph C*-algebras, in order to reduce the general 
case to the easier case of graphs with no sinks. We use the notation A^ n for the 
completed graph with infinite tails. These have an action of T obtained by extending 
the action on A^ n , by translating the whole tail in the same way as the corresponding 
sink in Ak, u - 

For A = Ajc, n , the set W(A/T) of doubly infinite walks on the graph A_K- jH /r can 
be identified with the set of doubly infinite admissible sequences in the finite alphabet 
given by the edges in the fundamental domain V of the graph Ax, n , with both possible 
orientations. 

On W(A/r) we consider the topology generated by the sets W s (u,£) = {uj E 
W(A/T) :Cu k = u kl k> £} and W u (lu,£) = {Cj E W(A/T) :Cu k = LU k ,k< £}, for u E 
W(A/r) and £ E Z. With this topology, the space W(A/r) is a totally disconnected 
compact Hausdorff space. The invertible shift map T, given by {Tu) k = u> k+ i, is a 
homeomorphism of W(A/T). 

We have just described the dynamical system (W(A/r), T) in terms of subshifts of 
finite type, according to the following definition: 

Definition 5.1 A subshift of finite type (Sa, T) consists of all doubly infinite sequences 
in the elements of a given finite set W (alphabet) with the admissibility condition spec- 
ified by a jfW x #W elementary matrix, 

S A = {(w k ) k& : w k E W, A(w k , w k+1 ) = 1}, 

with the action of the invertible shift (Tw) k = w k+ i. 

Lemma 5.2 The space W(A/T) with the action of the invertible shift T is a subshift 
of finite type, where W(A/T) = Sa with A the directed edge matrix of the finite graph 

A/r. 

We can consider the mapping torus of T, 

W(A/T) T := W(A/r) x [0, l]/(Tx, 0) ~ (x, 1). (5.1) 

We consider the first cohomology group H 1 (W(A/T)t, Z), identified with the group 
of homotopy classes of continuous maps of W(A/T)t to the circle. If we denote by 
C(W(A/r),Z) the Z-module of integer valued continuous functions on W(A/T), and 
by C(VV(A/r), 7j)t the cokernel of the map 5(f) = f — f o T, we obtain the following 
result (cfi 0, PH). 
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Proposition 5.3 The map f i— > [exp(27rit/(a;))] ; which associates to an element f £ 
C(W(A/r),Z) a homotopy class of maps from W(A/r)r to i/ie circle, gives an iso- 
morphism C(W(A/r), Z)y ~ if 1 (W(A/r)r, Z). Moreover, there is a filtration of 
C(W(A/r), Z)t by free Z-modules Fo C F\ C • • • F n ■ • • , of rank 9 n — Q n -\ + 1, where 
9 n is the number of admissible words of length n + 1 in the alphabet, so that we have 

H l (W(A/V) T ,Z) = \jmF n . 

n 

The quotients F n+ i/F n are also torsion free. 

Proof. A continuous function / £ C(W(A/r),Z) depends on just finitely many co- 
ordinates Uk of uj £ W(A/r). In particular, this implies that, for some k , the 
composite / o T k ° is a function of only 'future coordinates' (u^ with k > 0). We 
denote by V C C(W(A/r),Z) the submodule of functions of future coordinates. It 
is then clear that we have C(W(A/r), Z)t — V/5V. We also have an identifica- 
tion V ~ C(W + (A/r),Z). This gives a filtration V = U n P n , where V n is identi- 
fied with the submodule of C(W + (A/r),Z) generated by characteristic functions of 
W + (A/r, p) C W + (A/r), where p £ W*(A/r) is a finite walk p = w ■ ■ ■ w n of length 
n + 1, and W + (A/T,p) is the set of infinite paths uo £ W + (A/T), with uo^ = Wk for 
< k < n + 1. We have 5 : "P„ — >• "P n+ i, with kernel the constant functions. We set 
F n '■= "P n /S(V n -i)j for n > 1 and F = Vq. The inclusions V n C V n+ i induce injections 
j : F n ^ F n+1 , j(f + 8V n -i) = f + 5V n , such that V/5V = hm^^. As Z-modules, 
both the F n and the quotients F n+1 / j(F n ) are torsion free, 
o 

For more details see the analogous argument given in ^1 Thm. 19 p. 62-63. 
5.1 The effect of field extensions 

Let L D K be a finite extension, with branching index e^/x and with f = [L : K\/ei,/K- 
Then there is an embedding of the set of vertices A^ C A^\ In between every two 
vertices of A^ C A^ there are e^iK ~ 1 new vertices of A^. If in A^ every vertex 
has valence q + 1, then every vertex of A^ has valence q* + 1. 

In particular, the image of the tree Ar C Ak in A^ is the tree Ar C A^, whereas, 
when considering the tree A' r , we are inserting cl/k — 1 new vertices in between each two 
vertices of A' r C A^. Notice that the algebras C*(A' r ) and C*(Ar) are strongly Morita 
equivalent, since they both are equivalent to the commutative C*-algebra C(A r ). Thus 
we have: 

Lemma 5.4 The strong Morita equivalence class of the graph C*-algebras C*(A' r ) 
and C*(A' r /r) is independent of finite field extensions L D K. 

The following example illustrates how the algebra Oa + changes under field exten- 
sions, by showing the change in the edge matrix A + . If the first directed graph shown 
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Figure 4: Effect of a field extension with cl/k = 2. 



in Figure |U arises as dual graphs of the closed fiber for a totally split degenerate curve, 
then the effect on the graph of a field extension with e^jK — 2 is illustrated in the 
second graph in Figure |U 

The edge matrix of the original graph was of the form 

/0 1 0\ 

A+ = 1 1 , 

\0 1 oj 

while the new edge matrix becomes: 
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1 











o\ 
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We are interested in understanding the effect of field extensions on the construction 
considered in the previous paragraph. We have the following result. 

Proposition 5.5 A finite field extension L D K determines a morphism 

H\W{A L JT) T ) - H\W(A K>n /r) T ), 

which is compatible with the filtrations. 

Proof. In ^3] it is shown that there is a canonical choice of the fundamental domains V 
and V for the action of V on the Bruhat-Tits tree that is functorial under a finite 
extensions L D K. This determines corresponding functorial choices of fundamental 
domains for the graphs A^„. We obtain this way a corresponding embedding of walk 

spaces 

j L , Kin : w(A A> /r) w(A L , n /r), 
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which replaces each edge in a sequence u G W(A Kn /T) (an edge in V for A K>n ) with 
the corresponding ei/K consecutive edges in the fundamental domain V for A L>n , thus 
obtaining an element in W(A Ln /T). This map satisfies Jl,k,u ° T = T eL / K o Jl,k,u- 
Thus, we obtain an induced map 

J L ,K,n,T ■ W{A K JY) T -> W(A L jT) T e L/K , 

where, for £ > 1, W(A L)n /T) T t denotes the mapping torus 

W{A L jY) T t ~ W(A L , n /r) x [0,£}/(x,0) ~ (T e x,l), 
with a covering map Tie '■ VV(A^ )n /r) T i — > W(A^ ) „/r)T- Thus, we obtain a map 

vr eL/K o J z>w : w{A K , n /r) T -> w(A L , n /r) T . 

This induces a corresponding map in cohomology, 

(vr £i/x o J ijW )* : F 1 (w(A Li „/r) T ) - i/ 1 (>v(A^ n /r) T ). 

To see this at the level of the nitrations of Proposition 15. 3| notice that the map Jl,k,u 
also induces a restriction map 

r L , K ,n : c(w(A z , n /r),z) -> c(w(A^/r),z). 

If we denote by T 3 ]^ and "P-- the respective filtrations, then we have restriction maps 
fL,K,n '■ 'Pjel/K ~^ ■ ^ we denote by be the map Se(f) = f — f o T e , then the 
restriction also satisfies r^K,n ° $e L/K =60 tljcw hence there is an induced map 

r L ,K,n : Ff^ K) -> Ff\ where we have set if^'*> := P^JS^V^^. An 
argument analogous to the one used in the proof of Proposition 15.31 shows that the 
p{L,e L/K ) ^ filtration of 



^(■^(A^/r)^,^ = hmFj 



(L,e L/K ) 



J 

There is a corresponding map 

c(w(A L>n /r),z) T - c(w(A iiri /r),z) T e i/K , 

induced by the covering ir eL/K '■ W(A_L iTl /r) T e i/ir — » W(A_L in /r)r- On the level of 

filtrations this has the following description. The module P^ik can ^ e identified with 

the span of functions in VjJ, s = 0, . . . , e^/^ — 1, where vfg = T^(Vj ). The inclusion 

1 : 'R-f' as P„-n' ) then satisfies 5 o t = 6 o S e We obtain an induced map 

_ > p( L < eL / K \ Thus, the map induced by the covering 7T eL/K also preserves the 

filtrations, and we obtain maps F^ — > iy that induce {^e L/K Jl,k,t)* on the direct 
limits. 
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5.2 Dynamical cohomology 

Let A be a directed tree on which the Schottky group T acts, with the same assumptions 
as in the previous paragraph. 

On the set of ends dA we consider a measure dfi defined by first introducing the 
distance function d{y) := dist(f,x ), for v G A and x the base point in A with 
respect to which the structure of directed graph on A is determined. Then the measure 
on dA is defined by assigning its value on the clopen set V(v), given by the ends of all 
paths in A starting at a vertex v, to be 

with q = card(C/m). 

Proposition 5.6 This induces a measure on W(A/T), with respect to which the shift 
map T is measure preserving. 

Proof. Notice that, if we identify the points of V(v) with infinite paths starting at v, 

V(v) = {w wi ...w n ...: s(w ) =v,w k e (A)+}, 

then the image T(V(v)) will have measure fi(T(V(v))) = jj,{y{v))/q. In the case of 
walks starting at a vertex v, the map T scales the measure of the set of walks starting 
with an edge w G (A)^_ by a factor g _1 and the measure of the set of walks starting 
with an edge w with w G (A)+ by a factor q. 

We can define a map from W(A/T) to V x V, by splitting each doubly infinite 
sequence 

. . . w_ n w_ n+ i . . . w^WqWi . . . w e w e+ i ■ ■ ■ 

into the two sequences 

(wqW! . . . WiW e+1 . . . , ■ ■ ■ W-n+lW-n • • •)> ( 5 - 2 ) 

each of which defines a point in the fundamental domain V, if we identify admissible 
sequences of edges in the fundamental domain A/T with admissible sequences of edges 
in A with the condition that the first edge wq (or w^i) lies in a chosen fundamental 
domain V of the action of T which contains the base point Xq. Then the action of T 
maps (|5.2|) to 

(W 1 . . . W £ W i+1 . . . , W W-lW-2 • • • W- n+1 W_ n ...), (5.3) 

hence it scales the measure on one factor by q and on the other factor by q" 1 , so that 
the measure induced on W(A/r), by restricting to V x V the product measure on 
dA x dA, is preserved by T. 

o 

Consider the free Z-modules V n , introduced in the proof of Proposition EH of 
functions of at most n + 1 future coordinates. We can realize V n ®z C as a vector 
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subspace of L 2 (dA, d/i). The operator S is bounded in norm, hence the F n = V n /5V n -i 
have induced norms and bounded inclusions F n <g> C F n+1 cg> C, where the F n are the 
torsion free Z-modules of Proposition 15.31 

Using the inner product induced from L 2 (dA, dp), we can split F n = F n _i © {F^_ x PI 

Definition 5.7 27ie dynamical cohomology H} dyn (A /T) is the norm completion of the 
graded complex vector space 

Hl yn {A/Y) := ® k > Gr k 

with Gr n := (F n n F^x) ■ 

We now construct a representation, by linear bounded operators, of a graph C*- 
algebra on this Hilbert space. 

Proposition 5.8 There is a representation of the algebra C*(A/T) by bounded linear 
operators on the Hilbert space H d (A/T). 



Proof. For w G (A/T)]_, we define linear operators T w of the form 

{T w f)(w wiw 2 . • •) = 
For v G A/r°, let P v denote the projection 

{P v f){w Q w 1 w 2 . . ■) 
We also define projections IT™ of the form 

(Ii w f)(wQW 1 W 2 ■ ■ ■ ) 

Finally, we define linear operators s w and S w 

s w :=^2A(w,w')T w \l w > and S w :=y/qs w . (5.4) 

w' 

These define bounded linear operators on L 2 (OA, dp,). The S w are partial isometries, 
satisfying S W S^ = U w . Thus, the operators {P V ,S W } form a Cuntz-Krieger family, 

since we obtain P v = J2 s ( w )=v n ™ = J2 s (w)=v S ™ S w and S w S ™ = T, A ( w i w ') S w' S w> = 
Y^A{w,w')P w > = P r ( w ). 

The same argument given in {fjjj, Proposition 4.19, shows that S w 5 = 5S W , so that 
they descend to bounded operators on H dyn (A/T). 

o 



f(ww w 1 w 2 ■ ■ ■) r(w) = s(w ) 
r(w) 7^ s(wq). 



f(w w 1 w 2 . . .) s(w ) = v 
s(w Q ) ^ v, 



f{w W 1 W 2 ...) w = w 
w 7^ w. 
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5.3 Embedding of cohomologies 

Let A be any of the trees A^, n > 0, or Ap. We construct a family of embeddings 
of the cohomology of the dual graph Ar/T in the dynamical cohomology 7i\ (A/T). 
Let |Ar| denote the geometric realization of the dual graph Ar/T. 

Theorem 5.9 For each N > there are embeddings 4>n of the cohomology of the dual 
graph A r /r|, C) into the dynamical cohomology H} dyn ( A/ T) . 

Proof. We define maps 4>n from the cohomology H 1 {\A V /T\,C) to U\ yn (A K /T) in the 
following way: let {7i}f = i be a chosen set of generators of the Schottky group T, [7J the 
corresponding homology classes in Hi(\Ar/T\, Z) = T/[T, T], and 7^ the dual generators 
in cohomology. Let Wi be the finite admissible word in the edges of the directed graph 
V (the fundamental domain for the T-action on A) that represents the generator 7^ 
with length i± = \wi\. Here, in the case of A = A^ ra , we first notice that the first 
cohomology group of the dual graph is the same as if 1 (|Ap/r|, Z), since the insertion 
of extra vertices does not change the topology of the graph. Since we have A' r C Ak,u 
we obtain the Wi as above, as edges in the corresponding fundamental domain V for 

Ak,u- 

We then set 

Mvd = p m t Xi,N, (5.5) 

where 

Xi,N '■= Xw+ (A/r, Wi ■ ■ ■ Wi ) (5.6) 

N — times 

is the characteristic function of the set W + (A/r, Wi - ■ ■ Wi) of walks in A/T that begin 
with the word Wi repeated iV-times. The elements \i,N he in Fn^- We denote by 
the orthogonal projection of Fk onto Gr^. 

The elements 4>N(Vi) are a H linearly independent in (A/T), hence the 4>n give 
linear embeddings of H X (\A V /T\,C) into H\ yn (A/T). 
o 

Corollary 5.10 For any finite set of distinct {N^}, the set Uk{4>N k (Vi)}i=i consists of 
linearly independent vectors in H\ yn (A/T). Thus, we obtain an embedding 

$ = @n4>n ■■ Q)H\\A T /TIC) ^nl yn (A/T). (5.7) 

N 

Notice that the map $ of (|5.7|) does not preserve the graded pieces, due to the 
rescaling of the degrees by li in (J5.5)) . This has to be taken into account if we want to 
recover arithmetic information such as the local L-factors of [H] from the dynamical 
cohomology. For this reason, it may be necessary to blow up of some double points on 
the special fiber. 

Lemma 5.11 It is always possible to reduce to the case where all the li = I, after 
blowing up a certain number of double points on the special fiber. 
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Proof. Blowing-up a double point on the special fiber C(k), for k = O/m, corresponds 
to introducing one extra vertex in the dual graph Ap/r. This changes by one the 
lengths ti for those generators of V for which the corresponding chain of edges Wi 
passes through the newly inserted vertex. 

o 

Thus, possibly after blowing up some double points, we obtain: 
<f> N : H\\A T /T\X) - Gr m C H^Ak/T), 

for some i > 1. 



5.4 Spectral triples 

In this paragraph we show that we can associate to a given Mumford curve a family of 
spectral triples (A n , 7i n , D n ), for n > — 1. Each triple in this family corresponds to the 
choice of a graph A = A^ n , for n > and A = Ar for n = — 1. The Dirac operator 
in these spectral triples depends only on the graded structure of the space H\ (A/T). 

Recall that a spectral triple (A, TC, D) is a triple of a C*-algebra, with a representa- 
tion in the algebra of bounded operators on the Hilbert space 7i, and a Dirac operator 
D, which is a self-adjoint unbounded operator acting on TC, such that (A — D)' 1 is a 
compact operator for all A ^ R and the commutators [a, D] are bounded operators for 
all a G Ao, with Ao a dense involutive subalgebra of A. 

Recall also that a spectral triple (A, Ti, D) has an associated family of zeta functions 
of the form 

Ca,\ D \( z ) = Tr(a\D\- z ) = ^ Tr(aU x )\- z , (5.8) 

AeSpec(|D|)\{0} 

with a G Ao U [£), ^4o], and with I1a the spectral projection on A G Spec(|D|). The 
properties of these zeta functions are related to the notion of dimension spectrum for 
the spectral triple (the set of poles of the Co,|-D|) an d to the local index formula of Connes 
and Moscovici. For the purpose of this paper, we will extend the zeta functions (|5.8J) 
to the case where the element a is a weak limit of certain sequences of elements in A, 
since, in our construction, this is the type of zeta functions that recovers the arithmetic 
invariant given by the local Euler factor. 

There are corresponding two-variable zeta functions 

( a ,\ D \(s,z)= Yl Tr(aU x )(s + X)- z , (5.9) 

AeSpec(|D|) 

and associated regularized determinants 

det (s) = exp ( --^-( a ,\D\(s, z)\ z=0 ) . (5.10) 

oo,a,\D\ \ CbZ J 

We consider the Hilbert space 

w = wL B (A/r)©wl_(A/r). (5.ii) 
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On this space we consider the diagonal action of C*(A/T). We also introduce the 
notation Gr n _ := Gr n © and Gr n ^ + := © Gr n . 

We define the Dirac operator D acting on TC by setting 

D\ Gr+n =n D\ Gr _ n = -n-l. (5.12) 

Proposition 5.12 The data (C*(A/T),H dyn (A/T)®H dyn (A/r), D) determine a spec- 
tral triple in the sense of Connes 

Proof. In order to obtain a spectral triple we need to check the compatibility require- 
ment between the Dirac operator D and the action of the algebra C*(A/T). It is 
sufficient to check that the commutators [D, S w ] are bounded operators. This follows 
easily since S w : Gr± n — > Gr± )fl _i, so that [D, S w ]f = TS w f. The remaining properties 
are easily verified, 
o 

We can modify slightly the above construction, in order to take into account the 
scaling factor £ in the grading between (BnH 1 (\ Ar/T|, C) and its image under $ in 
KJA;V). 

Corollary 5.13 We modify the operator D of (|5.12|) . by setting 

JW=7r!- D\ 0r _„ = =^±Jl^L. (5.13) 
£logq ' £ logg 

Here q is the cardinality of the residue field k(v) and £ is the length of all the words 
representing the generators of T, possibly after blowing up some points on the special 
fiber. With this modified operator D, we still obtain a spectral triple 

(c*(A/r), n l dyn {A/Y) © 74„(A/r), d). 



5.5 Local L-factor 

Let X be a curve over a global field IK. We assume semi-stability at all places of bad 
reduction. The local Euler factor at a place v has the following description (|20j): 

L V {H\X), s) = det (1 - Fr* v N(v)- s \H\X, Q^)' 1 . (5.14) 

Here Fr* is the geometric Frobenius acting on £-adic cohomology of X — X©Spec(K), 
with K the algebraic closure and £ a prime with (£, q) — 1, where q is the cardinality 
of the residue field k(v) at v. We denote by iV the norm map. The determinant is 
evaluated on the inertia invariants H l (X, Qe) Iv at v (all of if X (X, Qe) when v is a place 
of good reduction). 

Suppose v is a place of k(v)-sp\it degenerate reduction. Then the completion of X 
at v is a Mumford curve Xp. In this case, the Euler factor (J5.14j) takes the following 
form: 

L v (H\X r ),s)=l[(l-\q-')- dimHl(Xr) * = (l-Q'T 9 , (5-15) 

A 
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since the eigenvalues {A} of the Frobenius, in this case, are all A = 1. Here we denote 
by H 1 (Xy) 1 ^ the eigenspaces of the Frobenius. 

Deninger in [S] and jU] obtained the local factor (|5.14j) as a regularized determinant 
over an infinite dimensional cohomological theory. 

In the case of Mumford curves, Deninger's calculation can be recast in terms of the 
data of the spectral triples of Proposition 15 . 1 2) and of the embeddings $ ± of co homolo- 
gies. 

We consider the operator iD (an imaginary rotation of the Dirac operator) and the 
zeta functions 

Ca,iD,+{s,z) := EAGSpcc( 4 D)n 4 [0,oo) Tr ( an A)(s + A)" 2 

(5.16) 

Cmb,-(s,*) := EAGS P cc( J D)n 4 (-oc,o) Tr ( an A)(s + A)~ z . 
Then we have a regularized determinant 

det is) := exp (-£,«,,+(*, 0)) exp (-£,«,,_(*, °)) ( 5 - 17 ) 

oc,a,iD 

Theorem 5.14 Let 7r(V) &e toe orthogonal projection o/Wj (A/T)©^ (A/T) onto 
toe graded subspace V = Im($~) © Im($ + ) ; where we denote by $ ± toe maps $ © 
and © $. Tnen toe regularized determinant f!5.17|) . u>zto a = 7r(V) and D toe Dirac 
operator of Corollarv \5.1cH satisfies 

det (s) =L t ,(ff 1 (X r ),s) -1 . (5.18) 

oo,7r(V),iD 

Proof. When we compute the zeta functions 1)5.16)1 for the Dirac operator of Corollary 
15. EH and a = 7r(V), we obtain 

Cr(V),*D,+( s > z ) = Er=o Tr ( 7r (V)n +in£ )(7(r + 

Cr(V),«v-(*>*) = E" = o Tr (^(V)n_ in£ )( 7 (r-n))--Tr(7r(V)n_ i0 )(r7)- z , 

for 7 = and r = -f^f s, with choice of arguments — 7r < arg 7 (r + n) < 7r, as in [Oj. 

Furthermore, we have Tr (7r(V)n± >r ^) = &\m{Gr± yn n fl V) = g. In fact, the space 
Gr +tn £ PI V = Im($ + ) is generated by © x«,n for i = 1, . . . , g and Gr-^i fl V = Im($~) 
is generated by the element Xi,n © for i — 1, . . . , g. 

The result then follows the calculation of the regularized determinant given in jU] . 
Namely, we obtain 

(1 _ q -)-9 = ( tt )-a exp(-aC;(r, 0)) exp(-aC 7 (-r, 0)), 

which is exactly the regularized determinant detoo(s — Q q ) computed in [§] for the 
spectrum (with multiplicity g) 
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o 

It is very interesting to notice an important difference between the archimedean 
and non- archimedean cases. At the archimedean prime (cf. jB], [7j) the local factor is 
described in terms of zeta functions for a Dirac operator D. On the other hand, at the 
non-archimedean places, in order to get the correct normalization as in [9j, we need 
to introduce a rotation of the Dirac operator by the imaginary unit, D i— ► iD. This 
rotation corresponds to the Wick rotation that moves poles on the real line to poles 
on the imaginary line (zeroes for the local factor) and appears to be a manifestation 
of a rotation from Minkowskian to Euclidean signature it > t, as already remarked by 
Manin ( |12j p. 135), who wrote that "imaginary time motion" may be held responsible for 
the fact that zeroes ofT(s)~ 1 are purely real whereas the zeroes of all non-archimedean 
Euler factors are purely imaginary. This seems to hint to the existence of a more refined 
construction involving Minkowskian geometry, where the rotation D i— > iD could be 
interpreted as a rotation it \— ► t of an infinitesimal length element D^ 1 ~ icdt. A 
more precise treatment would require adapting the structure of spectral triple to the 
case of Minkowskian signature. Another piece of supporting evidence for the idea 
that a more refined construction should involve Minkowskian geometry comes from the 
cohomological construction of jSj. In fact, in we only used part of the full symmetry 
group determined by the Lefschetz module structure, namely the part corresponding to 
real hyperbolic geometry, so as to match the results of [T^]. The full symmetry group 
is SL(2, R) x SL(2, M), which is the isometry group not of 3-dimensional real hyperbolic 
geometry, but of its Minkowskian version, anti de Sitter space AdS2+i- On the relation 
between the results of [T3] and AdS 2 +i see also [To] . 

5.6 AF core 

In order to understand the zeta functions Ctt(V),d,±(t, z) of Theorem 15.141 in terms of 
the spectral triple, we still need to express the operator 7r(V) in terms of elements in 
the algebra C*(A/r). 

The graph C*-algebra C*(A/T) contains an AF core given by the AF algebra ob- 
tained as the norm closure of U^, where the finite dimensional algebras T n are given 
by 

T n = span{^ xy.,ve P n (A/r), t(/z) = t(v)}. (5.19) 

Here we used the notation = S m ■ ■ ■ S Wk , for fj, — w\ ■ ■ ■ wu- The AF core can be 
identified with the fixed point algebra of the gauge action (cf. [JJ), 

(J^ B SC*(A/r) tr W. (5.20) 

n 

Let {wi}f =1 be the words corresponding to the generators of T, which we assume all 
of equal length £, possibly after some blow ups. Let S Wi be the corresponding operators 
in C*(A/r). The operators S™.S^ n belong to the subalgebra T n t in the AF core of 

c*(A/r). ' 
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Each Q in = S^.S^. n acts on L 2 (dA,dfi) as multiplication by the characteristic 
function Xi,n of (|5.6|) . hence Q itU maps Gr± <n e to itself, with range the one dimensional 
subspace of Gr±^ spanned by Xi,n- Thus, the operator Q n = J2iQi,n projects Gr± )n g 
onto the g-dimensional subspace Gr±^ n V. 

For the Dirac operator of (|5.13p . we write D = J2 n >o^ n ^ n ' w here with A n = 
27m/£logq and Il n = II +>n © n_ n _i. We then have the following result. 



Proposition 5.15 the zeta function 



( H v),\D\(z)=Tr(n(V)\D\ 

can be written in the form 



Uv),\d\(z) = Tr (j2Q^UneK Z ) (5-21) 

\n>0 / 



with the Q in in the AF core o/C*(A/T). 



6 Foam spaces 

We now consider the local factor (|5.14|) in the more general case, where we drop the 
assumption that v is a place of fc(i>)-split degenerate reduction. In this case, we no 
longer have a p-adic uniformization of the completion of X at v as a Mumford curve, 
and correspondently, the local factor is no longer determined solely in terms of the com- 
binatorics of the dual graph, but it depends essentially on extra geometric information 
on the nature of the degeneration. In particular, the inertia invariants H X {X, Qe) Iv are 
described only partly by the cohomology of the dual graph, with the extra information 
provided by the cohomology of the single components of the dual fiber, which in the 
general case will no longer be just rational curves. 

More precisely, if we denote by the eigenspace of the geometric Frobenius, 

with eigenvalue A, we can write the Euler factor in the form 

L v (H 1 (X),s) = l[(l-\q-T d \ (6-1) 

A 

with d\ = dim H 1 (X) 1 ^ . Deninger's description of the local factor as regularized deter- 
minant holds in this more general case, in the form detoo(s — 0) where G has spectrum 
{a x + g^}, with n e Z, A G Spec(Fr^), and q a * = A. 

We want to modify the graphs A/T considered in the previous sections, in such 
a way that the corresponding dynamical cohomology will contain a linear subspace 
isomorphic to an infinite direct sum (BnH 1 ^, Qi) Iv , and such that the construction of 
the spectral triple and the derivation of the regularized determinant described in the 
case of Mumford curves will extend to this case to recover (|6.1|) . 



21 



Using the exact sequence of JTj p. 110-111, we obtain an identification 

H\X, Q £ ) h S H\\A v /r\) Q e © H\XM) ^ Q e , (6.2) 

where oi : — > C is a fixed embedding of in C, for a prime I with (£, g) = 1, and 
we denote by the disjoint union of the components of the special fiber. In the case 
of /c(p)-split reduction, where all components are P^'s, (lfi.2j) is simply identified with 
i/ 1 (|Ar/r|)(g) (T( ,Q£ as in the previous sections. The finite decomposition H l {X, Qe) Iv = 
T x v in eigenvalues of the geometric Frobenius provides corresponding spaces 

iJ 1 (|Ar/r|)A and if^xj )\ of dimensions d\ and d° x , respectively, with d\ + d° x = d\. 

We choose vertices x\ (not necessarily distinct) of Ar/r, and attach to the vertex 
x\ new outgoing edges w® x , with i = 1, . . . d° x . We denote by E v the oriented graph 
obtained via this construction, after appending tails to all sinks. 

Remark 6.1 For certain classes of examples, our graph E v can be embedded as a 
subgraph of the "foam space" defined in j^j. The foam space is a graph F v associated 
to the fiber X v of an arithmetic surface X over Specks), obtained by replacing the 
special fiber X v with an infinite series of blowups of its F^-points. The graph F v is the 
limit of the dual graphs associated to this series of blow-ups (c/. ^2] §35). For this 
reason, we think of the graphs E v as a generalization of "foam spaces" . 

To our foam space E v , we associate the corresponding dynamical co homology 
TL l (E v ) as in the previous sections, and the graph C*-algebra C*(E V ). The argument 
of Proposition 15.121 extends to this case and gives a spectral triple 

We now define embeddings of co homology groups as follows. Let u>i t \, for i = 
1, . . . be loops of edges in Ar/r, with \u} it \\ = £ iiX , representing homology classes 
dual to a basis {i]f x } of A r /r|) A . Up to adding vertices to the graph A r /r by 
blowing up double points in the closed fiber, we can assume that all the £ i>x = I- 
Adding vertices in this way does not change H 1 (X^), since the components of the 
closed fiber that correspond to the new vertices all have trivial H 1 . 

We consider then the linear embedding 

A : H l (\A r /T\) x Gr m c H X (E V ), 

given by 

®N,\(Vi,\) — Pm x Xw+(E v ,uJi ; x ■ ■ -uJi,\)- 

N — times 

We also consider the embeddings 

$% x : H\XM) X - Gr m C H\E V ), 
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where the rjf x form a basis of H 1 (X^)\ and the w® x are the corresponding oriented 



edges of E v . Let $^ = ®n®n,\ and <&° x = ®n®n,\> and let $a = $a © Witn * 
defined as the $ ± in Theorem 15. 14[ we denote by Va = Im($ A ") ©Im($^), and by vt(Va) 
the corresponding orthogonal projection. 

We then extend the result of Theorem 15.141 to this more general setting. 

Theorem 6.2 Consider the regularized determinants (I5.17J) . with a\ = ti(V\) and D 
the Dirac operator of Corollarv \5 . 1 cli for the spectral triple (C*(E v ),7i l (E v )@'H l (E v ) 1 D) . 
We obtain 

J] det (s)=L v (H l (X),s)-\ (6.3) 

A 

The operators vt(Va) are related to the AF core of the C* -algebra C*(E V ) as in (J5.21j) . 

Proof. We compute the zeta functions (|5.1fi|) for the Dirac operator of the spectral 
triple {C*(E v ) } n l (E v )@n l (E v ),D), with a = tt(V). We obtain 

C^(v A ), t D,+ (s, z) = Y,n=o Tr(7r(VA)n +in£ )(7(r A + n))~ z 

Uv,UdAs,z)= Er=o Tr ( 7r (VA)n-, n£ )( 7 (rA-n))--Tr(7r(VA)n_, )(rA7)- 2 , 

for 7 = T\ = -^-(s — a\), and q ax = A, and with choice of arguments as in p. 

By construction, we have Tr{n(V\)Xl±^ n e) = dim(GV± jn £ fl Va) = d\, hence the left 
hand side of (|6.3|) is the regularized determinant det^s — Q q ) computed in jS], with 
spectrum (with multiplicities d x ) 

Spec(s — 6„) = | - — - ( -^t(s — ct\) +n] : n G Z, A G Spec(Fr*) 
Uogg \2m J 

The expression of the operators vt(Va) in terms of operators in the AF core of the 
C*-algebra C*(E V ) is analogous to the case of Mumford curves. 

o 
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